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Abstract 

The simple quantum gravity model, based on a new conjecture 
within the canonically quantized 3 + 1 general relativity, is presented. 
The conjecture states that matter fields are functionals of an embed- 
ding volume form only, and reduces the quantum geometrodynamics. 
By dimensional reduction the resulting theory is presented in the form 
of the Dirac equation, and application of the Fock quantization with 
the diagonalization procedure yields construction of the appropriate 
quantum field theory. The ID wave function is derived, the corre- 
sponding 3-dimensional manifolds are discussed, and physical scales 
are associated with quantum correlations. 
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1 Introduction 

Quantum gravity is one of the fundamental problems of modern theoretical 
physics. In spite of the significant efforts and various approaches, we are still 
very far of understanding the role of quantized gravitational fields in physical 
phenomena at high energies (for different approaches to quantum gravity see 
e.g. Ref. [1]). In this paper we propose a simple model of quantum gravity 
which can be useful for clarifying its some important aspects. 

The celebrated field-theoretic formalism yields plausible phenomenology 
for numerous experimental data of all areas of physics. In this paper this 
point of view is used for construction of a simple quantum gravity model. The 
3 + 1 splitting of a general relativistic metric tensor and the canonical quanti- 
zation of the appropriate action functional are used in the well-grounded way. 
In straightforward and strict analogy with the generic cosmological model [2], 
the new conjecture within the Wheeler-DeWitt quantum geometrodynamics 
is proposed. The model is based on the ansatz composed by the steps 

1. global one-dimensionality conjecture, i.e. one-dimensional matter fields, 

2. reduced quantum geometrodynamics, yielding one-dimensional theory, 

3. dimensional reduction, resulting in the Dirac equation formulation, 

and expressing the supposition that the quantum geometrodynamics in itself 
is a one-dimensional field theory. The dimensional reduction leads to the 
appropriate Dirac equation and the Euclidean Clifford algebra. Its the Fock 
quantization with the diagonalization procedure, consisting of the Bogoliubov 
transformation and the Heisenberg equations of motion, yields correctly de- 
fined quantum field theory. The resulting model describes quantum gravity 
in terms of a quantum field theory formulated in the Fock static operator 
reper associated with initial data. The ID wave function is derived, the 
corresponding 3-dimensional manifolds are discussed, and quantum correla- 
tions are associated with physical scales. Mathematically, we employ the 
one-dimensional functional integrals, so that the proposing quantum gravity 
model is methodologically corresponding to the trend initiated by Hartle and 
Hawking in the paper [3]. 

An organization of the paper is as follows. In the preliminary section 2 
historically first quantized 3+1 general relativity is presented. Section 3 is 
devoted to the ansatz presentation. Next, the sections 4 and 5 discuss field 
quantization and some implications of general formulation, respectively. Fi- 
nally, in the section 6 the entire paper's results are summarized in condensed 
way. 
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2 Quantum 3+1 General Relativity 

In general relativity (See e.g. [4]) a pseudo-Riemannian manifold (M,g) with 
a metric tensor g^, the Christoffel symbols V p , the Riemann curvature R^ au , 
the Einstein curvature G^ v = R^ u — ^g^^R, where R^ u = Rn\ v , ^ A 'R = R%, 
satisfying the Einstein field equations 1 

G„ v + Ag^ = 3T^, (1) 

where A is cosmological constant and T^ v is stress-energy tensor, models a 
spacetime 2 . For a compact M with a boundary (dM,h) and curvature Kij, 
the usual variational principle is corrected [5] and (1) arise by the action 

%]= / d A x^g-{- l -R+^\ + SM- \ I d 3 xVhK, (2) 

JM I 6 J JdM 

where K = h lj K ijl S^[g] is Matter fields action, T^ u = — -jL= s ^}^ . For 
A = 0, a global timelike Killing field on M JC exists, the foliation t = const 
is spacelike, dM is the Nash embedding [6], and 3 + 1 splitting [7] holds 

h lk h kj = 5j , A-' //'•'.Y, (3) 

For A > 0, /C does not exist, spacelike dM only foliates an exterior to the 
horizons on geodesic lines, (3) is a gauge. In both cases (2) takes the form 

S[g) = J dt J d 3 x |vrA> + TrWi + rr^ip + ir ij h i:j - NH - AW*} , (4) 

where dot means ^-differentiation, H and H l are defined as 

H=Vh{K 2 - K l3 K 13 + i3) R - 2A - 6^} , E i = -2tt% , (5) 
with ^R = h ij R i:j , g = n^T^, = [1/N, -N*/N], and particularly 

TfW = -y/h (K ij - h ij K) . (6) 
The curvature satisfies the Gauss-Codazzi equations [8] 

2NK ij = N Aj + Nj\i - h iy (7) 

1 We use the units c = h = 8irG/3 = 1 in this text. 

2 In (1) the coefficient of T M „ usually equals 8irG/c 4 that is exactly 3 in the our units. 



9iw 
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where stroke means intrinsic covariant differentiation. Time-preservation [9] 
of the primary constraints [10] leads to the secondary ones - (scalar) Hamil- 
tonian constraint yielding dynamics, and (vector) diffeomorphism one merely 
reflecting spatial diffeoinvariance 



7T fa , tt 1 fa 



H fa , W fa 0. 



DeWitt [10] showed that H % generate the diffeomorphisms x l = x % + C 



hj, / H£ a d 6 x 



dM 



(8) 



(9) 



I H a Cd 3 x 



i^ k ) k+^Ck+^e, , (io) 



and consequently the first-class constraints algebra can be derived 



JdM 

i[H(x),Hi{y)] = H8f(x,y), 



(11) 
(12) 



dM JdM 



I H a (d, a C2-U2,a)d 3 X. (13) 
JdM 



Here Hi = h^H^, and cj?- = 5f8j8^ (x, z)5^ 3 \y, z) — [x — > y) are structure 
constants of diffeomorphism group. The scalar constraint reduced by (6) 
with using of the canonical primary quantization [9, 11] 



i[K i (x),N j (y)] = 5 i j 5®(x : y) , i[n(x),N(y)] = 8®(x,y), (1 
yields the Wheeler-DeWitt equation [12, 10] 
5 2 



(14) 
5) 



+ /1 1 / 2 (< 3 )i2-2A-6g)J 



0. 



ShijShki 

where is the Wheeler metric on superspace S(dM) [12, 13] 



(16) 



G 



1 



ijkl 



2y/h 



(Kkhji + huhj k — hijhki 



and first class constraints are conditions on W[hij,<f>] 

7r^[h iJ ,<p] = o , n i v[h lv <f ) ] = o , ir^'h,,. 



0. 



(17) 



(18) 
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In fact quantum general relativity, given by the Wheeler-DeWitt equa- 
tion, historically is one of the first attempts of quantum gravity theory con- 
struction. Actually, however, quantum geometrodynamics has became the 
motivation for development of the quantum gravity idea and building novel 
formulations. We are going to build the our model basing on the Wheeler- 
DeWitt theory (16). Strictly speaking, however, the proposing toy model 
will possess a reductionist character. 



3 The Ansatz 

For construction of a simple quantum gravity model let us apply the following 
three step ansatz. 

Global one-dimensionality conjecture. Suppose that Matter fields 
are one- variable functionals <p = qb[h] where h is a volume form of dM 

h = det ha = ^ k e lmn h a h jm h kn , (19) 

and e is the Levi-Civita symbol. Also we assume, as an element of the model, 
that gravitational field is described only variable h. In result a wave function 
^[hij, qb] becomes 

(20) 

so that, the proposed quantum gravity model is 

\- G ^jr^r - hl/2 ( {3)R ~ 2A - *e[h]) \*[h] = o- (21) 

In analogy to the generic cosmology [2], (20) describes isotropic spacetimes 3 . 

Reduced quantum geometrodynamics. Using 3 + 1 splitting (3) 
within the Jacobi formula [4] 

Sg = gg^Sg^, (22) 
establishes the Jacobian matrix for for the reduction of variables to h 

N 2 6h = N 2 hh ij 5h i:i — > J (h i:j , h) = = ^~ = hh lj . (23) 

Because of the approximation (20) the variational derivative S/5hij acts on 
functional depending only on h. It allows us to express the derivative with 



3 Assumption (20) means that we consider a strata of full superspace, i.e. the DeWitt 
minisuperspace model where the wave function depends only one variable h. 
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respect through the derivative with respect h. Therefore 

dhij dh 

Consequently, application of (24) within the differential operator in (21) gives 

5 2 5 2 
Gijki f , = Gijkih tJ h h ——■ (25) 
dhijdh k i dh 2 

So that the reduction is given by the double contraction 

G ijkl h ij h kl = -±= {hvthfl + /la^-fc - KM ti>h kl = ~h~ 1 ' 2 , (26) 

where we have used the relations for 3-dimensional embedding h ab h bc = /i", 
h a a = Trh a b = 3. Jointing (25) and (26) one obtains finally the relation 4 

5 2 3 5 2 

Gim Jh~5K l = ~2 hV2 6h^ (27) 

which leads to the reduced theory 

{l 02 ^ + ^ ( i3)R ~ 2A ~ 6g[k] ^ }^ h]= °- (28) 
Dimensional reduction. The model (28) can be rewritten as 



— -m 2 U = , (29) 



\5h 2 

where m 2 is a squared (variable) mass of \& 

m2 = k ((3)jR _ 2A _ 6 ^ = 'k {KijRij " r2) ' (30) 

and scalar constraint was used. Eq. (29) arises by stationarity of the action 5 

Sm = JshL(%^\ , L= 1 -(nl + m 2 * 2 ) , n^ = ^. (31) 

4 Because the relation (23) arises due to 3+1 approximation, so (26) is an approximation 
within the ansatz. 

5 Here S[^] is a field-theoretic action functional in ^ so that any dependence on h of 
the mass m does not play a role for equations of motion SS/S'i! = 0. 
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By using R> one rewrites the equation (29) as 



Sh 



m z ^ = 0, 



(32) 



which together with 11^ in (31) yields the appropriate Dirac equation 



ij— - M 1 $ = 
oh 



M 



-1 o 

m 2 



(33) 



The 7 matrices algebra consists only one element - the Pauli matrix a y 



7 



-i 

1 



7 



{7,7} = 25i 



6 r 



1 
1 



(34) 



The matrix algebra (34) forms the Euclidean Clifford algebra [14] C£i t \\ 
which has a 2D complex representation. Restricting to Pira^iQR) yield a 
complex representation of 2D Pin group (2D spin representation); restricting 
to Spini^iM) splits it onto a sum of two half spin ID representations (ID 
Weyl representation). The algebra decomposes into a direct sum of central 
simple algebras isomorphic to matrix algebra over R 

C4,i (R) = Cif A (R) © C£i tl (R) , C4,i(R) = R(2) , C£f tl (R) = R, (35) 

and moreover has a decomposition into a tensor product 

Ci x i(R) = C£ 2j0 (R) ® Ce 0>0 (R) , Cf ,o(R) = K. (36) 



4 Quantization 

The Dirac equation (33) can be canonically quantized (See e.g. [15]) 
i [ny[ti], *[h]] = 5{ti -h) , i \n 9 [h'] 7 Tly[h}} = 0,i [<&[ti], *[h]] = 0. (37) 
Using of the Fock space allows to derive the solution in the form 



1 

71 



vVH vVM 

—i\/\m\ i\/\m\ 



(38) 



where 53 = 93 [/i] is a dynamical reper 



93 



G[fc] 
Gt[/i] 



: [G[/i'], G f [/i]] = 5 (/*' - h) , [G[ti], G[h}} = 



(39) 
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and yields non Heisenberg-like dynamics of (39) 



x 



—im 
1 5m 
2m 5h 



1 5m 
2m 5h 

im 



(40) 



Supposing that there is an other reper 5 determined by the Bogoliubov trans- 
formation and the Heisenberg equations of motion 



5 

5J 
5h 



u v 

V* U H 

-in o 
o in 



1. 



(41) 
(42) 



where it, v, n are functionals of h, one obtains 

5b 



5/i 



Xb 



(43) 



and n = 0, so that $ is the Fock static reper with respect to initial data (J) 



G /5 G{ =1,[Gj,Gj]=0 



and vacuum state |VAC) is correctly defined 

G/ |VAC) = , = (VAC| Gj. 



(44) 



(45) 



Integrability of Eqs. (43) is crucial. The transformation (41) suggests em- 
ploying the superfluid parametrization which yield 6 



u 



1 + A 
2^f\ 



5ti 

exp <^ imi l — 



hi 



A 



2V\ 



exp < —imi 



Sh' . 

-yl (46) 



where A = X[h], X' = X[h'] is a length scale i.e. inverted mass scale \i 
ml mi = 1/A. Consequently the integrability problem is solved by 



(47) 



6 In (46) the functional measure Sh for the case of a fixed space configuration transits 
into the Riemann-Lebesgue measure dh. However, h in general is a smooth function of 
space parameters, Sh is a total variation and has a sense of the Stieltjes measure. 
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where G is the monodromy matrix 



G 



r a + 1 


f . rhSti} 








2VA 6XP 1 




\ 2VA 6XP I 




f 


A-l 


f . rhSh'} 




r. 








f 2v/A e H 







(48) 



One sees now that the presented model expresses quantum gravity as 
a quantum field theory, where the quantum field associated with a space 
configuration is given by the relation (47). In this manner one can write out 
some straightforward conclusions following form the simple model. 



5 Some implications of general formulation 



The proposed field-theoretic model was solved. However, still we do not know 
what it the role of the ID wave function given by the equation (21). The 
same problem is to define any geometric quantities related to this model. 
The quantum field theory (47) has also unclear significance. Let us present 
now some conclusions arising from the previous section's model, which will 
clarify these questions in some detail. 

Global ID wave function. The Dirac equation (33) can be rewritten 
in the form of Schrodinger-like evolution equation 



5$ 

1h ~ 



H 







mj 

A 5 " 




(49) 



yielding unitary evolution operator U = U(h, hi) = exp f£ HSh given by 



U 



(hi - h) 



cosh f[h, hi] 
sinh/[/i, hi] 



-m 



f[h,h> 



2 „ h 6hf \ smhf[h, hi] 
/Jfcl A' J j f[h,hi] 
cosh f[h, hi] 



(50) 



where f[h,hj 



\ m i\ 



(h - hi) so that Eq. (49) is solved by 



$[h]=U(h,hi)$[hi]. (51) 

Straightforward elementary algebraic manipulations allow to determine the 
global one-dimensional wave function as 

sinh f[h, hi] 



* = tf J cosh/[M/] -TlUh-hi)sgn(h-hi)- 



f[h,hi 



(52) 
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and similarly the canonical conjugate momentum is 

II* = Ui cosh f[h, hj] - ^mjsgn(h - h,) ^f^H (53) 



5^ 

where ^ 7 = W[hi] and Tl^ = U 9 [hi] = — 
manner the probability density in the classica 

n[h] = (* / ) 2 cosh 2 /[/i,/i/] + (n^) 2 (/i-/i / ) 2 



are initial data. In this 

h=hl 

reduced model is 



sinh f[h,hj 
f[hM 



2m l Ti%(h - hi)sgn(h - hj 



sinh 2f[h, hi 



(54) 



2f[h,hj] ' 

and \J/ 7 and 11^ are determined by the normalization condition 

n[ti]5ti = i — ► c(ni) 2 - 2B¥ui + a^ 1 ) 2 - i = o, (55) 



(56) 
(57) 



where the constants A, B, C are given by the integrals 

cosh 3 /[/i',/ij]<fa', 



B 



C 



(hi h\ (hi h \ sinh 2f\h\ hj\ - t 
(h — n,j)sgn(n — hi) — „ „ r , . , n oh 



hi 

00 



2f[h\hj 



(h' - hif 



sinh/[/i', hi 
f[h'M 



Sh' 



(58) 



The equation (55) can be solved straightforwardly. In result one obtains 



i 



B\ z A 



C C 



c 



(59) 



5^ 



Using = -jj— in (59) yields differential equation for \1/ 7 , with the solution 

ohj 

^ = ft" + tt) , (60) 

where C\ is integration constant, and f±(hj) are the functions 



f±(hi 



B 

AC 



artanh 



Bhi 



(B 2 - AC) hj + C 



±ln JAhj- 1 - 



B 2 -AC 



B 



In 



(B 2 - AC) hi + JB 2 - ACJ[B 2 - AC) hj + C 



• (61) 



10 



L. A. Glinka / Global One-Dimensionality conjecture within Quantum General Relativity 



The 3-dimensional manifolds. The model (29) can be rewritten as 

(^-l ,3,fl )^i-K*i + f)^i- < 62 > 

and considered as the equation for the 3-dimensional scalar curvature ( 3 )-R 
®R=-6(g[h] + ^+<p{*)h , <p(V) 



2*W (63) 

In the vacuum case, i.e. for the conditions (g[h] = fl A = 0) or g[h] = — — 
one obtains from (63) that 



{3) R = <p n h, (64) 
where ip n in an eigenvalue determined by the equation 

5 2 V 2 

w - 3^ = °- (65) 

Supposing analytical form of \P one establishes <p n 



. (66) 

h=hr 



Let us assume that there are generalized functional Fourier transforms 

= J 8he- 2 ™ h y[h] , ^[s] = J 8he- 2 ™ h ^, (67) 
as well as the generalized Leibniz product formula for functional derivatives 



Sh n \X 2 [h] 1 7 \rj \5h r X 2 [h]J \5h n 



Using (67), (68) and J2r=o ("K = 0- + x Yi within ( 66 ) y ields 

Vn = I™'// 6s ' 6se2l7riS ' +S)hl ( X + £f A^'™' (69) 
so that applying the inverted Fourier transforms 

*[h] = J 5se 2 ™ h %s] , ^ = J 5se 2msh ^[s], (70) 
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within the relation (69) one receives finally 

<p n = \ fj5h5hg(h-h I )^ ] m = \jj^5hg(h-h I ) 5 ^^ = 

= \jj Sh6hQ(h - hj) 6 -^^ = ~\jj ShSh ^( h - h^ih], (71) 

where we have used equations of motion, partial integration method. In (71) 
the kernel Qih — hi) and its derivative can be derived straightforwardly as 

g(h -hj) = J J 5s'5se- 2i ^ s ' +s ^ h ~ h ^ (l + £) , (72) 

Th S(h - hi) = ~ J J Ss'Ss 2ra(s , + s) (l + -) . (73) 

Estimation of the functional integrals (72) or (73), and using of (52) or (53), 
leads to (71), which is a crucial for the relation (64). 

Quantum correlations. With using of the matrices (48) and (38), and 
the relation (47) one derives the quantum field 

* w = h {-"' £ w ) Gl + exp {""' Cm) G] ) ■ (74) 

Taking into account the n-field one-point quantum states determined as 

M = *»|VAC>= y=exp{ im ,0 })> IVAC), (75, 
yields two-point correlators Cor n > n (h', h) = (n', h'\h,n) or explicitly 

x ,n 'x n r. ( , r hi r h \ 5h"\ 

Lor n ' n (n , h) = — — r— exp < irrii n / +n / — — > x 

1 ' (v^) I V Jw JhJ A" J 

x (VAC|GfGl n |VAC), (76) 
where A' = X[h'} and so on. Basically one obtains 

Cor 00 (/i, h) = Cor 00 (ti, h) = Cor 00 (/i/, h T ) = (VAC|VAC) , (77) 
so by elementary algebraic manipulations one receives 



Corn (h',h') Corn (h,h) r f h 5h" 
Coril(/l ' h) = Con^h,) exp Y mi A, ' (79) 



Cor nn (h',h) \ CoTu(h', h) ] n Corn(h,h) 



CoToo{hi,hj) |_Cor 00 (/i/, hi)\ Cor 00 (/i/, hi) 
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Straightforwardly from (80) one relate a size scale with quantum correlations 



; Corn(M) (m 

'Com^MCoroo^M' 1 ' 

that consequently leads to the formulas 

Cor n , n (h, h) xnl+n ^ ( {n , _ n) r h 6hf\ 



Cor n / re (/i X , hi) J \ J hl X 

Com^/z) f. f h 5h" 

XXexpUmi — > , (83) 



Cor 00 (/i/, hi)Coi n (hi, hi) { J h , X" 

= A A [CoTn{hi, hi)] exp <^ «m ; n / — \ . (84) 

Cor oo (/i/, ft/) t A" J 

A whole information on the system is contained in A, fi, and mi. Quantum 
correlations are determined by these quantities only. By measurement of 
quantum correlations one deduces A, /i, mi. 

The presented conclusions have a formal character, however, they show a 
general feature of the proposed simple model of quantum gravity. We have 
solved the model by the ID wave function (52). We have discussed the 3- 
dimensional manifolds (64) corresponding to this model, and we have found 
the relation between quantum correlations and physical scales (81). 



6 Summary 

This paper discussed some consequences of the global one-dimensionality 
conjecture within the Wheeler-DeWitt theory. We have applied a field theory 
for formulation of the simple model of quantum gravity. The model was 
constructed by the following steps 

1. We have started from general relativity of compact manifold with bound- 
aries; its action was written in 3 + 1 splitting and the scalar constraint 
was canonically quantized. Resulting theory was the Wheeler-DeWitt 
model of quantum gravity; 

2. Next stage we have proposed the ansatz based on the global one- 
dimensionality conjecture; 

3. With using of the ansatz the quantum geometrodynamics was reduced 
to one-dimensional global evolution, with the dimension being an em- 
bedding volume form; 
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4. Employing canonical formalism, we have used a field-theoretic action 
corresponding to the model, and by dimensional reduction the appro- 
priate Dirac equation was received; 

5. Finally the Fock quantization was applied. Static reper of creators and 
annihilators was found by using of the diagonalization procedure em- 
ploying the Bogoliubov transformation and the Heisenberg equations of 
motion. Consequently, the proposed model is defining quantum grav- 
ity as a quantum field theory. The quantum field was derived in a 
straightforward way (47). 

In result, we have obtained correctly defined integrability problem, which 
allowed to study its formal consequences. Particularly, we have discussed 

1. The integrability problem and global one-dimensional wave function. It 
was shown that by integration of the model in the Schrodinger equation 
form there is a possibility to obtain an exact solutions of the model. 

2. 3-dimensional manifolds corresponding to the model. It was shown that 
the model is defining a 3-dimensional manifolds = 4> n h, where for 
given wave function the parameter <p n can be derived by the assumption 
of the appropriate Fourier transforms and its inverted transforms. 

3. Relation between quantum correlations and physical scales. We have 
connected one-point quantum correlations with size and mass scales. 

The presented conclusions are partial, but they show possible physical and ge- 
ometric implications following from the simple quantum gravity model. From 
a mathematical point of view we have applied a strategy of one-dimensional 
integration, with the Riemann-Lebesgue measure for fixed space configura- 
tion or the Stieltjes measure in general case. Both physical and mathematical 
sides of the model were emphasized in this paper. 
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